We characterize the pairs of general Lorentz sequence spaces u,v (ν), p,q (µ), 0 < u, v, p, q < ∞ such that all continuous linear maps from the first space into the second one are compact.
Introduction
It is well known that a good characterization of compact operators between Banach spaces E and F can be used as a powerful tool for the study of the structure of these spaces. Pitt's theorem is the oldest and perhaps the most spectacular result along these lines and raises the question of finding more pairs (E, F ) of Banach spaces such that every continuous linear map from E into F is compact. Recently new pairs with this property have been found ( [4] , [13] ) and the problem has been extended to the class of quasi Banach spaces (see [5] ), because of its importance in the theory of interpolation spaces. In this paper we study Pitt's theorem between general Lorentz sequence spaces p,q (µ) where 0 < p, q < ∞ and µ is a general measure on N. This study is a natural continuation (and the culmination in the case of Lorentz spaces p,q (µ)) of the work developed in [5] . Given quasi Banach spaces E and F , a continuous linear map T : E → F , (an operator in the sequel for short) is said to be compact if it sends bounded subsets of E into relatively compact subsets of F . If all operators from E into F are compact, we shall simply write (E, F ) ∈ K . The main purpose of this paper is to characterize the relation ( u,v (ν), p,q (µ)) ∈ K . Section 2 contains basic facts about Lorentz sequence spaces and some preparatory results which we shall need in the following sections. In section 3 we prove some structural propositions concerning the behaviour of sequences and operators on Lorentz sequence spaces and we prove the main theorem of the paper. The symbol . E will be the quasinorm on a given quasi Banach Suppose 1 < p < ∞, 1 ≤ q < ∞. The Lorentz space L p,q ( , µ) consists of all f in M ( , µ) for which the quantity (1) f µ,p,q := (p,q) .
We refer the reader to [2] and [10] for more details on Lorentz spaces. From now on, we shall work only with the particular case = N and a purely atomic measure µ on N defined by µ({i}) = µ i ∈]0, ∞[ for every 
be a sequence of strictly positive numbers. In some instances we shall need weighted spaces
In such cases, the canonical quasinorm of
For every i ∈ N, the sequence (0, 0, . . . , 1, 0, 0, . . .) with 1 in the i-th place will always be denoted by the symbol e i and P i :
p,q (µ) −→ K will be the canonical projection from p,q (µ) onto the scalar field K where each sequence is projected onto its i-th component.
In order to make concrete computations we shall need an explicit formula for the quasinorm x p,q of a sequence x = (x i ) ∈ c 0 ∩ p,q (µ) with respect to the measure µ = (µ i ) on N. Let σ : N → N be such that
and if i > 1,
Then, the decreasing rearrangement of x is the function x * (t) given by
and its quasinorm is
is defined to be equal to 0, and hence 
we have that
Then |||.||| p,q is a quasinorm equivalent to . p,q on p,q (µ) ∩ c 0 , which will be more easy to use in some problems. Since . p,q is monotone in p,q (µ), (10) 
The strict inclusions
are well known (see [2] and [14] ) and will be used in the sequel. 
which is a contradiction. This situation will be a source of complications in our future developments.
The next technical lemma on pairwise disjoint elements of a Lorentz sequence space will be basic: 
Proof. Both statements are inmediate consequences of the known fact that p,q (µ) satisfies an upper r-estimate and a lower s-estimate (see for instance [8] for a more explicit proof).
The next definition will be useful in order to simplify both the exposition and the proofs of our results. Let 
Proof. Let t > 0 be such that there is an equivalent t−norm . on p,q (µ) and α > 0 satisfying
Suppose that
by (18), starting with k 1 = 1, n 0 = 0 and using the method of gliding hump, we obtain two strictly increasing sequences of natural numbers (k m )
we have 
which proves our assertion.
2) The proof is analogous using Lemma 2.1.1.
To end this introductory section we need to mention the fundamental relation between Lorentz spaces and interpolation spaces. Given quasi Banach spaces E i , i = 0, 1, such that each E i is continuously embedded in some Hausdorff topological vector space E, we consider on E 0 + E 1 the quasinorm defined by
The classical theory of the real interpolation method of Banach spaces (see [1] and [3] ) has been extended by Sagher (see [16] ) to the case of quasi Banach spaces. Since we shall never use the explicit definition of the quasinorm in such interpolated quasi Banach spaces (E 0 , E 1 ) θ,q , 0 < θ < 1, 0 < q ≤ ∞, we simply refer the interested reader to the original paper [16] . However, we shall use next a theorem which is part of a more general important result of Freitag (see [6] ).
. The following isomorphisms hold by means of the identity map:
This theorem gives us some information about Lorentz sequence spaces. For instance, an easy consequence is that every sectional subspace of p,q (µ) is again another Lorentz space p,q (ν). Also, by elementary considerations, we obtain from Theorem 2.4:
Another application of Theorem 2.4 concerns duality. Given
∞ , denoting by µ 0 the ordinary measure on N, we have the isometries
with duality bilinear form given by (23)
With exactly the same method of proof used in [1] , pages 59-65, and using Theorem 2.4, if q ≤ 1 we can prove the isomorphisms
with the same duality pairing given by (23), and analogously
Arguing in the same way with obvious changes if q > 1, we obtain
and in all cases
where q = q if q > 1, and q = 1 if q ≤ 1.
We shall often need to find subspaces isomorphic to q in certain concrete special situations. Our main tool here will be an extension to the quasi Banach spaces setting of a classical theorem by Levy in [9] which has been obtained in [11] : Theorem 2.6. Let 0 < q < ∞ and let E i , i = 0, 1 be quasi Banach spaces. Let {x n } ∞ n=1 be a seminormalized sequence in the interpolation space
Levy's result has been improved by Brudnyi and Krugljak in Theorem 4.6.22) of [3] , where it is shown that a Banach space of type p,q (µ) has complemented subspaces isomorphic to q . The extension of this result to the general quasinormed case is given in [12] 
On necessary conditions
Proof. By Proposition 2.7, v and q are complemented subspaces of ( u,v (ν) and p,q (µ)) respectively. The proof follows from the classical Pitt's theorem. 
Proof. There are α > 0, β > 0 in R and infinite subsets J ν , J µ of N such that ∀n ∈ J nu , ∀m ∈ J µ α ≤ ν n ≤ β and α ≤ µ m ≤ β.
Projecting onto suitable complemented sectional subspaces, we can assume
. . , n} −→ N is an injective map giving the decreasing rearrangement of the finite sequence
We can make a similar computation in the case u > v. These inequalities with Proposition 2.5 show that
has a finite strictly positive adherent point, lim i→∞ µ i = 0 and
Proof. By the hypothesis on µ, the sequence {n k } ∞ k=0 such that n 0 := 0 and
is well defined. From this definition we obtain (
By (27) we have
Then, by the interpolation theorem (see [16] ), T is continuous from 
Now we consider the map S from
Choose a number r such that u < r < p. Since r (1 − θ) > u(1 − θ) , the restriction of S to u(1−θ) (µ) is continuous from this space into r (1−θ) . To see this compute
where we need the fact that u(1 − θ) < 1. On the other hand, by (27) we have
and hence S is clearly continuous from ∞ (µ) into ∞ . By the interpolation property, (see [16] ) S is continuous from (
Then J S R is not compact. In fact, by (1), for each k ∈ N, we have
However, applying (26) to the space p,q we obtain
As a consequence, since the transposed map of a compact operator is also compact, J S :
b.2) If 1 < u, choosing u < r < p, and defining the number 0 < θ < 1 such that 1 = (1 − θ)u < (1 − θ)r, by Theorem 2.4 and the interpolation property of operators (see [16] ) we can show in the same way as above that the map S given by
is continuous from u,v (µ) into r,v and that J S is not compact. 
Main results

µ).
For every h ∈ N and δ > 0 we define
We now check that
If this were not the case, there would be ρ > 0 such that for some subsequence, again denoted by
Since the set {γ h | h ∈ N} is bounded, denoting by |G h,δ | the cardinal number of the set G h,δ , and using (10), (7) and (31), we would have for some fixed K > 0 and some injective map σ :
On the other hand we have 
which is unbounded with n by (35), which contradicts the continuity of T .
As a consequence, given η > 0 there is h 0 ∈ N such that for every h ≥ h 0 
be a seminormalized coordinatewise null sequence such that w m p,q ≤ K for every m ∈ N and some K > 0. Choose a number 0 < θ < 1. By Theorem 2.4, Since {w m } ∞ m=1 is coordinatewise null, this means that lim m→∞ w m = 0 in ∞ (µ) and hence in i | m ∈ N} will be bounded in p,q (µ) but it will be unbounded
but this contradicts (37). 
This implies that
Fix a number k > 0 such that ku > 1. For every h ∈ N and δ > 0 we define P h,δ := {i ∈ J h | |z
Then, by (38), (1), (4) and (5) we have
and hence
We now check that (β
is bounded in u,v (ν) since by (7), (10) and (39), if σ : {1, 2, . . . , n} −→ N is an injective mapping giving the decreasing rearrangement of 
1) If ν and µ are measures
ρ = {ρ i } ∞ i=1 such that ρ(N) < ∞ or lim i→∞ ρ i = ∞, ( u,v (ν), p,q (µ)) ∈ K if and only if v > q.
4) If ν and µ are measures
Proof of the necessary condition. a) The necessity of condition v > q in all cases follows from Lemma 3.1. Case VII. To finish, suppose that v > q, u ≥ q, the measure ν is such that the sequence {ν i } 
